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1 Node polynomials
The Kronecker delta property for the basis node polynomials is obvious,

llli,j,kΦ (PΦ
l,m,n) = llli,j,k

(
Φ−1(PΦ

l,m,n)
)
= llli,j,k(Pl,m,n) = δi,j,kl,m,n .

□

2 Edge polynomials
The Kronecker delta properties for the basis edge polynomials are expressed as∫

EΦ,ξ
l,m,n

elli,j,kΦ · dr = δi,j,kl,m,n,

∫
EΦ,η

l,m,n

elli,j,kΦ · dr = 0,

∫
EΦ,ς

l,m,n

elli,j,kΦ · dr = 0,(1a) ∫
EΦ,ξ

l,m,n

leli,j,kΦ · dr = 0,

∫
EΦ,η

l,m,n

leli,j,kΦ · dr = δi,j,kl,m,n,

∫
EΦ,ς

l,m,n

leli,j,kΦ · dr = 0,(1b) ∫
EΦ,ξ

l,m,n

llei,j,kΦ · dr = 0,

∫
EΦ,η

l,m,n

llei,j,kΦ · dr = 0,

∫
EΦ,ς

l,m,n

llei,j,kΦ · dr = δi,j,kl,m,n.(1c)

We take the first equation in (1a) as an example.

(2)

∫
EΦ,ξ

l,m,n

elli,j,kΦ · dr =

∫
EΦ,ξ

l,m,n

elli,j,kΦ · xξ dξ

=

∫
Eξ

l,m,n

(
J−1

)T elli,j,k (ξ, η, ς)
0
0

 ·

J1,1

J2,1

J3,1

 dξ

=

∫
Eξ

l,m,n

elli,j,k (ξ, η, ς) dξ

= δi,j,kl,m,n,

where we have used the fact that J−1J = I. Meanwhile, we can find

elli,j,kΦ · xη = 0 and elli,j,kΦ · xς = 0.

Therefore, we can prove∫
EΦ,η

l,m,n

elli,j,kΦ · dr = 0 and
∫
EΦ,ς

l,m,n

elli,j,kΦ · dr = 0,

Analogously, we can prove (1b) and (1c). □

3 Face polynomials
The Kronecker delta properties for the basis face polynomials are expressed as∫

FΦ,ξ
l,m,n

leei,j,kΦ · dA = δi,j,kl,m,n,

∫
FΦ,η

l,m,n

leei,j,kΦ · dA = 0,

∫
FΦ,ς

l,m,n

leei,j,kΦ · dA = 0,(3a) ∫
FΦ,ξ

l,m,n

elei,j,kΦ · dA = 0,

∫
FΦ,η

l,m,n

elei,j,kΦ · dA = δi,j,kl,m,n,

∫
FΦ,ς

l,m,n

elei,j,kΦ · dA = 0,(3b) ∫
FΦ,ξ

l,m,n

eeli,j,kΦ · dA = 0,

∫
FΦ,η

l,m,n

eeli,j,kΦ · dA = 0,

∫
FΦ,ς

l,m,n

eeli,j,kΦ · dA = δi,j,kl,m,n.(3c)
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We take the first equation of (3a) as an example.

(4)

∫
FΦ,ξ

l,m,n

leei,j,kΦ · dA =

∫
F ξ

l,m,n

leei,j,kΦ · (xη × xς) dηdς

=

∫
F ξ

l,m,n

 J
√
g

leei,j,k (ξ, η, ς)
0
0

 · √g

J−1
1,1

J−1
1,2

J−1
1,3

dηdς

=

∫
F ξ

l,m,n

leei,j,k (ξ, η, ς) dηdς

= δi,j,kl,m,n,

where we have used

xη × xς =

J1,2

J2,2

J3,2

×

J1,3

J2,3

J3,3

 =
√
g

J−1
1,1

J−1
1,2

J−1
1,3


and the fact J−1J = I. We can also find that

leei,j,kΦ · (xς × xξ) = 0 and leei,j,kΦ · (xξ × xη) = 0.

Therefore, we can prove the other two equations in (3a), and, similarly, (3b) and (3c). □

4 Volume polynomials
The Kronecker delta property for the basis volume polynomials is written as∫

V Φ
l,m,n

eeei,j,kΦ (x, y, z)dV = δi,j,kl,m,n.

It can be proven through∫
V Φ
l,m,n

eeei,j,kΦ (x, y, z)dV =

∫
V Φ
l,m,n

1
√
g
eeei,j,k

(
Φ−1(x, y, z)

)
dV

=

∫
Vl,m,n

eeei,j,k(ξ, η, ς)dV

= δi,j,kl,m,n.

□
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